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ff.l.nlample Sample mean Xi Xniid u o

Suppose
uehuesomeprioreseimetroniuef7u.Gstrueef

0.27io 0.8T then

Ecsipi⼆ o 2 pro n
Umc和⼆ 064⻣

Rip pi o04 iuo.luit064⻣
Conclusion不 3 better than不 if iuo 3 close to u

I.Ridge Regression
Obs 1xi yi xic.IR yrc

Rurthmodelyrxi
Erigeregression sohesignee.de去 term in laeeneee

mn管 g_xi3 ⼊川311 1

官 xixtlxiiyixicxn x.iic.IR Pi
⼆ lxixtiipl xilX73lt E

ME IEinin 731们⼆1Ein管 1E管117 111E管 13中113

7不us O X Trl XTX 1 Var 0 ⼋

⼊ Van dries
































































































Tnmne.DE
涫⻔ 1xixtiipltxix13不as

1XX nip It XTX nip Nip 13
中

⼆73 ⼊ XTx nip p

lee M LXTX iip EIRPP
11Mt11 nǎǒ Mǐy wheepuuii.tkminimum

eigenvalue ofm⼆ 器 惢
Mnin 13 the smallest

⼆1mi Mill eigenvalue of xix
cumin E ruin It

Eas 11NXTX ⼊个
p 13 ll

Ʃ All IXTX dip 113

E ⼊quuin173 7不as O n

Vaiime

管i XTxtiipltxixptcxixtxi.pl xTE

管 1Eipn7 Xixt nip It XTE

Ein不 IE 1127 IET six Ixixtiipl Xis7
o'tu XIXTx nip XT

Spectral Decomposition Xx UnUT Xixtiip U N nipUT
































































































Xixix lip XT

UhUTU htnipIUUNUT

E UN At⼊个p NUT

EU drugs n器 u

Tukejuice eigenvalues ofxix

Vmpn ⼆ 0点 uiiimni
WTS.ioTrllXTxi'l Var 0N
































































































3 General is Vawane Tradeoff

Gendermodel Y fxitE.EE o Vines 02

XEIRPknweseiwator.fix 1 六点
yx.nwl.eeXin Xin cne K nearest points to X

EicY ixnilxix.io ⼗ 9 点和器
⼗

点
a

4Overparametrizaton.fix xipvnixnx.ioxicxixix.Un馆 oxicxixgtx
熙然ii.iiiinniii.in

7fx.hu uno mean and idnurycuawaǜǚiiiiiiiiiiivancgix.nl⼆ 0 IEixilXTXHX.IE 02trlliyixpt
1311

The variance generally increases as p increases

Typically Xix⼆点xīxi Eixīx7inEx ExERP邓

if the sutleseeigenrche.is bounded away from0
then the variame is OcpIn

Double Decent and min norm solution

whenpsn min 1311 2

ridgeless estimator
abjece to Xp y

Suppose rank xxT in then it has a unique solution

管 ⼆ lion XTIXXT
































































































5The implicit regularization ofgradiene descent

GD β ⼆β 77L13

Starting at β 0 soloing 273 11Y X13112

个hm Suppose psn and rank XXT in Then

if 7 个2Amen XTX 17 thenβ conurges and

篮 13 i3
Ruk GD prefers the solution Because

7243 2XT Y XP E E XT 773 E CCXT

n.li邰 E C XT

and pot 3 the unique solution in CCXT

Thm GDforerparameturzedlegrsnrcregessro.nl

Consider logrsirc loss and linen separable data

From
any initializer736i.IR

the gradentiterc.ee

管kt
Plk 77In173

k sousfes 73
k 13legkt Δ'k

whenΔ 1h 0 leglegk and

管 aguinnplisrhjeeetoxig37 l.fi 1 n

Rmak The DIRECTION 0973 conurge to β
and in legreicmodel only direction matters
































































































lute7
Teursesnwcrse.li

She rige regression

min出137⼆六点 y xip ⼊川311 in

2

管 ⼆点管 zc xiicyi x.it 2䢳
⼆告⾔ xiiyi x.it2䢳

告 Eixiyi⼀会xipxi 2仍
⼆告 xiy ㄨ⾮ 2䢳
⼆告xīy hxīxt2⼋ β

哿I ⼆六XTX 2⼊个上 0

7

䎕 0 管 hxix 2NI 六xy
































































































Tense2 Puae the ridge less solution

能 ein
XTixx7tyFnreuepr.ae

tuoopeinizutienproblemaethes.ae.when ⼊ 0

minL13 1ㄚ Xβ112 ⼊1113112 Iee B p Y X13 0

筘 any Be B and BE73

2173 2管 11Y X1311 ⼊1117311 11T 70 as 11 70

YlentleminimizermustsutifY
XPEOCTlen.vesohe min111311 2

abjece to Xp y

pre hip Xp y.leelcp.in be the lagrangian
Lap ⼊ 1113112 11个 Xp y f see it R

7⾮⼊ 1翡等

β 专Xin

β⼆ txxīi y o

i hxxTltysrnex.IT invertible

Then he hee Bi xi xxTry
































































































lute 8 Bcsrc Funimation Methods

1 Methodof Moments
Classical recipe
X Xu iid P Oc CIR IETlx.lk c no

lee pj IEilx.li7 ni⼆六
iixihpposeuecanfndcerturnieefunetronshii.hr

RK IR Mj hj 0

Then sohe Ò by equations i hiò jin k

Runk 台
may not exit may not unique

Generalized Method f Moments
Suppose X Xu iid P XiERP OE whee

rsconnpaeefsrmplrcity.Ieeg.RPR be ctss.t.IEigixr017 0
Thkm could be longerthanp
example of g guix 0 xk u.nl0 1Mom

fix 0 cosckxz 7Eiasckx.IT

gu x 0 leakyReLUckxi 7EileakyTELUCKX.IT

TeenyFLU z
E if z 0

2E if zc0
wlee 2 B a small positive Constant
































































































lee WEIRm
Wso.iefreGmmesermetoras.io
cangnini六点gixi 011 w1六点gix.no

Rnk.It 3 advantageous to pickmop
We hope to pick wseusefl moments have large

weighes.z.inample
Second moments and spectral methods

Fueor Model Consider Eater Model uith Y YuERP nith

Yi Bfi tui BcRPK.foRk.uic.IR
K

IEif1 0 Canifn.ir Eiui7 0 Gucuil 乞

GuiY BBT ⽓
esireeeLIBBTl.UsingcovaicuemauixISecendmeme.net

⼰ 六点YiYi_乞
Rne.condition ru ki LI E k is not used

2Thing spectral decomposition lee ii UnUT

h dng iii ip descending eigenvalues

U Iu up7 conespending eigenvectors

put ⼆点 niuiui new estimator Gutifes rank ills k
































































































Latent Variable Model

TopicModel Kt pics in a corpus hi

lataer.v.Tprc3drawnfpihijliwj.j.li k
Word 3 dawnfrom a dst over vocabulary of sized NioRd

Xeieiifftlet thwondintledecumere.si
lee x xe be word veritas in the sane document

we obtain the population moments

Mr Eix xil ⼆点wnpheoxu.eeRdxd

Ms Fix 0X 0 7⼆点Wnun
uuounGRtdxdGue.esone.ee

winn and Mahi from M and Mz

Orthogonal Tensor Decomposition if kcd
1 Whitening Use Me todetaninalrnentransfmaeiennuiBpn.GRK such that pi Turn we orthogonal

Terese Ma点wujunuu⼆点wunuǔ

By spectral ctleaem.IM2 has eigenvectors v Vu Vd

consisting an orthonormal basis ofRduith descending

eigenvalues i in o 0 suppose u uucnel.ir

Then dfrein.lv Val jun
UUTEIpitpniiuilv.n.ua

v vaijuu Mi
































































































pu

2 Use Bt transfm Mi⼆点Arjun Nuon
f certain ⼊ Ik

3 Apply Poer Method to derive in un f Ms numerically

3 Maximum likelihood Estimation

YnPo 00 pdf fo Leo yi fay
Once

cngo.lio y cngǒǒǒlco y
Properties i Aymcaantency efcieney

Computational Complexity Community Detection

YER gmmetric adjacency matrix f n nodes Yii 0

Yrj Bernoulrcp.ii.fi and jane in the sane Community

Yij Bernenlrcq41ifiandjaeindffe.ee communities

Zi 1 ith node in Comm 1
equal sized

Zi 1 ith node in comm 2

0 1p q Zi consider 17i了 term

l o Y α箭 ISZiEj 1 Yij

Objetileizc.sinqynnoiIIZiEj 13Yj NPHard
































































































Note there 7 ZiZj 1
1

ZiEjzZciunYz.no简 ZiEj 1 Yj

ZciYn.Y.no简ZiijZj

zciYnYz.no
ZiYE

real
IIziii ZTYz

Ē lungese eigenvector of Yuith 11211⼆后

Discretization Éi 1 if Eis0 otherwise Er 1
































































































Ieetue 9 law of large Number and i mention Constancy

n Xnnsx Xu 书X

Pi w neXulw X w 1

Pi品 nlllxncwi xunll.si lfany9z0
pueAns lw 11Xucu Xcwi1kE

Bw.siwAn.s B.sEBz sE

nlin PiBns1 PciBw.sI
1Bw.sEAn s hPaAn s 1

2 nlim.PL11Xucw Xiw112 E 0

Borel Canteeerlemma.la r f P be a probability
space

and leclh3ni.be a sequence of eenes Auof
1 点
Piltulcxzzpilrmsuplhliolrmsnpltn2.7fliAn3

ae independence then ⼆品品An
器PiAu x PllrmsupAn 1

77 1 lee New ⼆点 IAu w

EiNow7坐7点EiIm7⼆点PiAu co

P i N x 0
































































































Alternatively

Pi 品Au hope品的 三点点Pim 0

2 n Mc N PinAn ⼆点 1 P An

En ePim

eop⼀点P 的

0 as N o

Piltmnsnpml 7211品品Ai

g Pi An o

Pa mAn ⼆0 Pi品An 1 f anyMzpi 品An 1

nenise.eu⾔P 11Xn X11234 0 Us 0

bn.PL品 11Xnxih E 0

2 piiiillxu xil.ci 1 1 ie Xu ni X

pf g点PillXn X11224 0

点Pillxn xilzssl.co ie Xu es x
i

Pi inxn xil.is 0 Plninlllxn X11 EE 1
































































































Op and op Notations

Def he an be a sequence of real numbers and
bn be a sequence of positive numbers Denote
an 0bn if thee exists C70 stlaulccbn.tn
an oibnifgsoasn.no

Def let Xi Xi be random vectors and Y

be random variables defied on a common prob space

ii Xn Op Yn iff.VE70 ⽇C

os.t.gpPillxull.CIYul E

ii Xu op Y iffllXullllult70asn
zxRnnk.in了 3 said to bebounded in probability if Xn Op 1

Exercise XunN O on nil 2 then

linoOn ⼆ cx Xu⼆Op i

pf.Pilx.nl c sVn'Xn
byManker'sinequalrtyC2limgpPllXul

C Ʃ是
ue could cheese c luge enough se.ie s

C2 Suppose on x as n x

Note that 管 No i
































































































PilXu1 C1 PiXn C 1 1 ⽣吉

Tang Csouefndonl.ge enough
Such thee 军卡 E0.8

Pilxul C o2 f luge enough n
1Xnl了 3 not bounded

Pposition Xi Xu be random vectors Y 不 be

random variables defied on a common probability space
1 if Xn Op Y then Xu Op Y

auf Xn Op 1 andYn⼆Op 1 thenXuYn Op 1

3 就 nation Consistency

Suppose ue hue data X f each n drawn和m a

distribution PEP and an eseimat Ti XIERP

Def ConsistencySuppose Tnix is an eseimetorf unknown

parameter NoIRP Iet lan n be a sequenceofpositive
numbers uith an x

1 Tnlx 3 cousisterefviffT.cl Pv UPEP
2 YucX i3an consistentfviff GniYulx v7 Op 1

hldsf any Pop
的Yn x B Stronly consistent if Yuix as U PEP
































































































4 law of large Numbers

个hm LIN simple version Suppose X hae finite
second moment with the same mean 71 1Exi and bounded

Variance Oi Var Xil E C fall i.net her assume
thee any pair of tuo randomvariables are uncorrelated
Then

WE ic六点xi.pl 7 0 and六点xippu

Chebyshev's inequality if Y is a random variable

sutisfngiEi.in cx and a so then

Pil Y
iEYlzaisVRnk.int

te higher moment implies finite loner moment

Ellxni E Ellxnǎ7'19

nercseiConense
3false.leexhusdensryfneoenfxii.at

和 x c k2e2

f和dx 2cfix 2 1 dx 2 2个受 x27E 1

7Eix7 20fix2dx 24
Eix7 2c'fix durges
































































































Thnx Xi he iid.randomvariables and an 1EIX.IS

xisnilSupposenPllXnlsns0csn x Then

六点xi an 书 0

Consequence ueakLLN.iq Eixilcx 六点xi 书 Ex

Fcnxwcseiiuepraethecousequenean

EixibyncT.npclxu.lin E n是 TEIXiI

Suppose f contrediction there npilxul n does not

comerge.to 0 Yun ⽇ subsequence

inu3s.t.nuPllxnulsnul.ec fall k and some c 0

PIIXnul.nu 靠
Tun IEilX17 PPilXnul 4 dt

hnPclxnu1st dt

fniedt Cut7品 x

Contradicts to IEilx17 x

Therefore npllx.nl in 0

箱 the major part let Ynj⼆XjISNil En Then

771六点Xj中六点Ynj E管PixjtYj npilxjl n 70
































































































Yms ne only need to work on Yu lee n 六点Yj
7711不 1Ein129 E Un道 s IEˋ们

n si
if Nil Et

Ʃ卡IETmin 1Xjl n 27 ztdt IXil

ii Eif It Ill xjl t dt7 if Ixjl t

nhini ⼆磊 fòitpuxjlztdzsne f It de t

六fitPilXil t de araageoftPilxjlz.tl
5 Strong UN and tPllxil t 0

Tail o algebra In x yr beradar variables

Fi olXu Xn_n T In tail o algebra

Rnk.An eure Bin t.it o algebra if it does not
dpend on any fnite number of events

Kolmogorov's 0 1 law A ET PIA E 0# 1

zlwzebiilinnsnpX.tnExits
An limgpXitntxn EIE.li E

P iAi 1
































































































SUN Xn iid.IETIX 17co and Ci 1 bounded.Ylen

六点 cilxi IEix.nl so

7 Consistency of Mom and nuE
Tense X XniidPEP.ltu.me
IEixiliprcxVurcx.ioc x Tien Su六点1Xi ⽂

and ns.narestronglyconsrsterefo

77 sn⼆前1点xi 2点 xii ⼗点划

⼆六点 xi in T ni

⼆品六点xi⼀ 划 IEixn IEixi V.nlx

兴Sn Vwlx

Consistent of Mom
leepoR be the frstk.tn moments ofPo and

u h o for some hiRkRkcontinasbijeetionftrenleepnc.IR
be empirical moments based on n i id

random
vuicblesfPo.Tlenunderauumperonsonfnitemomen.es

pin ju tiipntsoasn.no
































































































Consistency of min
Tiid data the negative leg lrhelrhodfoon
3tlesumofnindepnduetansfeveryoc.ca

lcoiy
⼀六点gix.no

Under e_nglwt_ycon_tiens.hn咋 is Tn consistant
































































































Leete lo Weak Comergenre and CLT

1Weak

Cenurgene.Eqwvnlaedfwtrenfx.sxi.ctfF.cn

Fix
feuhconwnuityperrexofF.glEihixn7 Eih ix 7 fall
bddctsfuneeronhoniRdoCharacteristrfuretionbolx.lt

dxctifalltc
Rd.XsxffcixnsciX.ECERd

Ym lee Xiiioz be random vectors inRd

i Xnpx then Xntx
ii Xndsc.coRk then Xnpc
iii Xnd X then XuiOp 1

2 Central limit Theorem

Yhn lee X Xi be iid random vectors in Rdwith finite
second moment lee E CarlXi then

吉点 xi IEix.nl ⼭ No ⽓
































































































leete 11 Asymptoticnormality and Delta Method

1 Comergene of Transf matrons
Continuous Mapping Theorem lee X Xu _be random veritas

in Rd defined on a common probability space and g be a

measnebleftionfoncRd.Bdit.IR B Suppose

gisctsa.s.w.rt.MX then

i Xn X glxu es g x

iii Xup x gcxnpzgix

iii Xusx

gixultgcxiPF.ciA w ln.noXn X D ixc.IRkg cts at x
two A Aonxtcnlermgixnn.glx

A A'UX D P A EP IL 77 X D 0 PIA 1

iii Usno ⽇szollgnn giylllssifllx
yllcssiuelrmpclxnX1 SI 0

Plllgcxnl gcxill.SI ƩPillXn X11 8 0 as n x

iii Xudsx ⽇ Y.ir ⼀ Yi dXi and Yu us Y
































































































Slutsky's T keen lee Xi Xi Y Y be randomvariables

on a probablity space Suppose Xutx.Y
dc.ile.ciXu Y d X c

ii Xn Y d CX

iii xulYu

dzxlcifctoI
7hl.eu Method

TmiDeltamethod lee X Xr and Y be random

Vectors in Rksatsfyinganlxu cld Y.fcc.IR
k

and Ian了 being a sequenceofpartie numbers

urthhoanio.Ieeg.IR1R

7fgisdfeunuiableaecianiglxul
gcci7 dz个7gcu7

个Y

3 Prevalence
faympoernormelityltsymptrUaniamela.is.Poutine

sequence
and eider

ans x or an a so Assume

aniTux 0 ⼭

Y.wehociEY2coiineaympoirvwaneofTnidefdasvp.lu

Yicxibeanotleresimator.by
mpoercrelaireefrciencyi3dfnedtobetlerut.ro

hetreen the
































































































twcnympoirvnrane

aiEiYnsgnfiEiai in 0⻔
































































































late 12 Unbiased Funimation and UMVUE

1 Complete Staisic

72ftComplete Statistics 个ix 3 complete

fpepiffUBaelf.IEifn7 0 fin o as P

Ruk Requires the statin ic has no redundant infmenton
7不position let P Pg.geE be an exponential

fnilyoffllrankicont.ru an open see nith pdf

fix ⼆ exp 7 Tix ⼀号171 h x

ThenTix 3 snffciene and complete和 no三

Z UMVUE

Def An unbiased escrmator Taxi of r is called
the UMVUE if Vmc个 x IE Var U X

for anyPoP and any other unbiased
estimator UlX Of V

Rmk UMUUE does not always exist
































































































Thm.Suppose thee
exi3esasufcieeandcompleeestanicTixsfP.ifv_B_esni_m_ble.tt

len the eases unique
UMVUE which 13 of fmlh ii where h Ba Borelfnctron

Exits unbiased estimator

3 Construct UMVUE

Method I.in dsufcient and complete statistic Tix
then fndhiissuehthae.IEih ii 7 v ⻜Pop

Method2 indaffrciene.complaceTix and unbiased UlX

then IETU1个713 an UMVU占

Method3 nd Umv0管 without knowing Complete statics

Thm2 let U U IEiU X17 0 VariUlX cx UPoP

个 了 unbiased fu with EiTix17 o

1 个X
BUMUUE.FI
EiTIX U X7 0

VUEU.UPEPmifi3sufcreneforp.lu
ū u n i gin gBorel

Tun 个⼆ h ii 3 UMVUE iff
EiTix U X7 0 ⻜UEŪ UPED

method 4
⽶ Variational Calculus

































 






























































leetue 13 管her infmatien and CR lonerBand

1 管her nfmention
77箱 X SPiOE

lgiI.co⼆E个录gfix录logflxii77hk.io0 录legfix 13 called

cclesuneftion72pesriio.nl
if XI Y thenTixY 101⼆个 0 TY 0

2 Suppose f 13 turcedfaenuiablec.to under sane
regularity condition

ueheeiioiiEiilogfc.nl

2 Cramer.Rao lower Bound

lee v go g.Rd R.kdifenenuiuble.SupposeX

3drawnfP 0E 3 and Yix 3 an unbiased estimatorof v
Tnm.Suppose To 13 paitinedfnitecndfanyoeottttnt

录fhixifcx do h x录fxldv
holds f h三1 or hex Ycx Then

Umi个x 1 个录go7 i Toil录go
































































































Rmki Reparametrization if0 01171 4EC 3 hjeceire

then 个17
⼆哥4171公1417哥4171

个

乃 dfe.ee bue

哥go 录go哥4172

reparameteizaionThaef.itec Rlorerboundi3 invariant under

XRmk.hsympotroptimalotyfhuE.VwihuEI

slnY.io It matches the CR ber bound

Rnk.C R loner bound may not be attained

3Interpretatone f 管her infmention
3.1 Geometric view larger To larger local convexity

3.2 information theory under certain regularity Conderons

DcPoo11Poots 㐋5个I10019 0 1131121

Flew hard to diingurshtuod.se in a

paranetrc family under the k2
diner
genie
































































































5 namples
5.1 Tponenwal Family
lee c R be an open see.Ieeifioc.ca be

fix exp noiTix 5con ccx

Proposition

inThe regularity conditions fcRIbBsanfdfanymsbhuith7Eihcxi7no

2 Consider natural parameter 7 Vcr 个 x 1⼆个7
3 V 1Ei个ix 7 then Uni个 1个wilt

5.2Ii new Models Xi 13 Eit Ei ZoR P E Nco 0 In

个hm 2 Suppose 713 full column rank
ii lpisUMUUEofei3 tl ERP

ii 台2 tp11X 7β11213 the UMUUE Go
Pf is keech Zβ 11X ZIP B complete and wfiiiene

f o 113 0 1 Fmtler.venifunhicsednee.rs

个hm了 Under cesumpeiensinthm2 p 3indpend.ee

oft moreover

e管 ⼀ Nilp o'ei Zizi'e 台器 Xni
































































































管lerinfmaion Eid Nc0# 0in and the unknown

parameters cue 0 13# 02

个⼼ ⼆刮 到
If7.3 not full rank Yo may not be invertible

Tuo distributionsPo andPo are not

dsingurshable72p.ISEeseinute13 attains cR beer hound
































































































let me 14 Concentration Inequality
1 hhotinitionNen asympoicboundscfnite.semple

Gaussian Tail Inequality lee Gn N call then

⽚ tl⾔ e E PIG it Is 主 iē kutno
Iec F and P bethe GaussianCnf andpdf then

1 Fit 1 0 1 主Pitt

Beny Essen Inequality.Suppose X

xniidziihiEix.ioand 7Eixilc no then

IP1六点xi t1 PIG 411 E 𠿟
Rule.Theguerelkounditeoloss

2 sibgau.no an variables and Hoefding's inequality

Tml.nqwvaleedefofsnbguassranrandomvn.rubles

1 Pilxlzt s Zexpl t ki Vt of some Kia

2 11X11psKelp for some Kiso and all p ENt
3 7EexpliX E exp Kii f sore K370
and all ⼊ w.IN 三点

4 Eexplx lki mx21亩 E2 f sore Ku70
































































































5 if iEx 0 IEeepiixiseepik.in ⻜⼊ER

Renerk.The smallest Ki B called the subgaussian
norm of X denoted by 11X114

namples.ifx Nco.org then 11X114 ECooIf IX1 M cus then 11X114 Ʃ

CM.XEuenll.la5 11X114 i宏2

7 1 7 2 Ashe Ki il Gama freeron

Eixi 1 Pil xi'zu du 9121 ttēdt

P7711x1247dt Stirling's Approximai en

n Tn 是 1sfizētpt dt
⼆Ipfēwipndui

n Ʃ1点 是1 ent

pfievvip.edu
9x x ēxjū
Tx E 3XX

pfitp
Ʃ3pep121 llxilp三管p p'k s⾔F

ne he 2 nith K2么 3
Stirling's approximation

2 1 Assume Ks 1
also yields p

cplejPEexplixn.IE个1⼗点學7 1⼗点 ⾔⼀ 凹
































































































Ʃ1 箭贺望品 ⾔ lie in ⼆
1

iensexpi4eiidsuppesezeicltic.io
订

fnzrt and Ks 2Te

3 7 4 Tvizial

4 1

Aurekuil.PLxza E率
Pllxl t Pie et

E ētiEeX szēt

When ne heeEx o

3 5 Ashe K3 1

E ie⻔ 三 IEinx te
Eieixisei final

When IN li ZI x E ⼊2 x2

Eeixsei121Eeikseikeiks.se⼊

5 1 箱 any 170

PIX2t Pie e
t

Ʃ ē tEeix
Eē tex

e
it 112

Ʃ ēt
2
































































































Maximum of sub ganssians.lu X Xz be a sequence

of sub_gaussian random variables not necessarily indpe

Tun IEmy管iECkwheekimeixllxilly.in
any NE2

uehare7EmiilxilECKIGwRnk.tlebeund

3shewpileexi.kz iid Nco i

ue hue EmuXi CIGN

Thin2 Hoefdrng's Inequality lee X x Xu be

indpcndee mean zero and subgausaicnr.us

Ieeac.IR k mnynllxill.it Then f any too

7711点aixilstlsze.pl ⼀箭岭
holds fceritaincbolueeconstanec.co

Rmk More flexible then cii Mean

neighedsum77Eie.pl⼋点aixi17⼆点
1Eieopciaixill.EnexplciaillxillnlEe.pl

Ci点aik

expic ill all k Then use Yhml 1
































































































Khintchine's inequality Iee Xi Xi Xw be independent
sub gaussian

random variables with zero means and

unit variance lee aGRN.Ylenfaypc.ir no

Halle E11点
aixillpECKIYllalliwheekimayllxil.lyand C 3 an absolute Constant

3Subexponeutral Vmiubles and in stein's equality
Thm3
Eqwvaleredfofsubexponenidrondomvawableslii.pe

lxlzt E Zeitlk it20 relaxedsubgaussian
all X11psKip fall p 1
3 Eiexpl⼊1x1 Ʃ expcks⼊ ⻜ NE io 11K37

4 Eieopllxllk417 2

5 f Ex 0 7EexpcixlEeepck.in2 ⻜⼊ Ei 11k5# 11K5

Kis
Ckj.vitjfcuecundependeeoftherandomvaniublex.R.mn
k

X B called sub exponential if any ofthe condition holds
The smallest Ki i3 called the sub_exponential norm 11X114

subgaussian subexponenial.tlX114 E 11X114
































































































Centering知 random variables with non zero mean
conditions i and 2 in th.nl and thm3

cueserlleguvalee.hhaeoer.uehueboundllX
7Exllu.ECllX114

Cow.Suppose X.Ycesubganseian.in XY we
subgaussian nith

11XY114 11X114.11Y114

F IEIIXPIYIP17PETENRPIEIYRP7 P
E 11X11421年11Y114nF

⽅IElixPlYIP7P EllX114.11Y114

Thm4 Bernstein's Inequality
lee Xi Xnheindpendeer.v.s.ch thee Exi 0
and eneh Xi is suhexponential.lee ar R
K Iniynllxillu Then

Pil点arxilztIE2expl cmi.nlknit 楍n.lt

fsouecoustmeczothmoeitReunrk.Subexponeueiulr.ir
has heavier tails

Compared uithsubgaussianr.us
































































































Tnm5 Bernstein4 Inequality f bounded randomvaiablesluxi.Xnbeindptr.usIExi 0 mineNil EM as

771点xilztlsze.pl oinn
where o ⼆点Exi 13 teal variance

Variant f Borstein's inequality
Pil管xil Cost

M E zexpl miniiill.ws 0

Sum fsob
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HDP 23 Chernoff's inequality

Tm Chernofs inequality lee Xi be independee
Benoulrrandemvaniablesuithpueneie.es pr Guder

Su⼆点Xi 7u
7ESw.nenfcnyctnuiPiSw.tl

Eērlttlt
筑 any topi

Pi Su Et sei Melt

Cow Poisson Tails lee X n Poisson i fcnyt ⼊
Pix it se 1壆 lt

Ruh using Stirling's fun lane hue
Pix k The uk

So our bound on the entire tail of x hustle Gene

fm as the probability of hitting one value k

in the tail

Gw ISmall deviations
fsereabsolueecnstaec7OPiisw.pl

ssju Ezer S
































































































Con Passen distribution near the mean I lee X n Person ⼊7

在 ctolo.nl he here

Pllx.N2tlszeepl

IRuk.hlerweAppoxireitnen.to

Person X Perse.nl⼊

as I so ue hue
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Ieetue 15 Random vectors in high dins

1 nyanples of cementration inequalities

Random graphs.Tie E RgraphG cn.pt
uith adjacency matrix AER ltjidBerncps
degree di 冨Aj IEidii.in 1 p put d n 11p

Proposition tlee's an absolute constant C

if d Cllegn Yun Pio9d s d s r ld vi 0.9

pf.Apply Borstein's inequality.nanny i any so

Paid ⼭1 C
gt
M
is zexpl minci.si

whaeo 1uid
t.ms2higasrmplebound.Uancdi

i n 1 p 1 p Ed 73k Slalegnltfseeasl.Pllddlz.CI李 lsze.pl min1岁 刮 in

Note thee CicTdtzlalegnso.ldflc.ge C
Yun by union bound ne hare
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Cevariamematnixleey.i yniidYoRd.IEiY7 0

with subgaussian components mns.llYi114 sk

Yun the covariance matrix of Y exits

and 13 denoted by ⽓ CarlY ERd'd

npinical Variance i Ǐ 六点yiyi
Denote 怡 iluexiimg.mx泾⼀⽓

lj.m.ismj.it六点uiyin IEiyiy.ua711

多 Bernstein's inequality

PiiE E7j.vn tk sZexpl cnminlt t

Chooset ClTuiihlugeCs u

cnt CClegd
4legdAsnnenislangeenaghs.tn

tsl it lent st

Pil管 Eljn Ck Ti E Zeopl 4logdi 2d4
Apply union bound ue hee

Pin管⼀⽓11mn Ck舆 1szd
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Ynoganelcemenuwaionineqnebties.im1

Gaussian Concentration inequality

lee X Xniid Nco 1 lee F R R be an 2 lipschitz

function ie.lnxi nyllELllxyllYle.nlFix Xu 1Einx xu 7114 ECL
where C 13 a Constant

naple I Suppose Y 3amawxofiidstandudnormelenties.leell.tl
he eieler Frobenius norm or matrix

opuaternem.Ymp.lnynEnY.nl t E zé

F None the 111X11 11ㄚ 111 E 11X Y11 then apply th.nl

个me.Talagrand's inequality Suppose X Xu we

independ.ee random variables uith may IXil E k

Denote X 1Xi Xu个 ZeeF.IR R be L

lipschitzftion.TlenPiiFixi
IEinxillztLKCe.pl 管 ⻜ too

Rnk.Ytsnyshoundedr.v.uiehind.pe
Coordinates

Fix IEFix is a subgaussianwith norm bounded y OnKL
































































































3 Norms f random vectors
Suppose X il x Xu个 with Xi Xnindpe and

7Eixi7 0 Unlxi 1 we already hare

1 gl LN and Cts mapping thm.riillxllPlasn
oznyciianddeltamethod.llxn.intNo 112

3多 Tennis inequality Eilx117E IET ⼆1万

4 7 X in No 1 or max llxill EC then

11X11 Ellxll has subganisian norm 0 1

个m3 lee X X Xui be a random vent with

X Xu indpe Eixi7 1 meixllXilly.EK.LTlen
111X112 1万114 E Ck

pf Ame k 1 lee Yr Xi 1 Y
3subexpenentraluithllYillu.ECK Applying 7⾄steins inequality

Pllhnxn 11 u Ezexpl
⼀管min lu u2 fall uzo

More the 12 1 1 8 17211 maxi8# 8 ⻜870

Tm ue obtain Pll占11X11 11 8

EP 1占llxil 11 max 8# 81

sze.pl
⼀器8

Changing variables to t.sn we therefore obtain

PllIN11 1万1 tlszexpl ul.tt70
































































































1
Rink High dm Gaussian 3 very

closectoun.fm
dntuibution on the sphere of radius In

Unifm spherical random variable

rs
spheeinRduithradusr.im

了 No 公 113 siuiln.to Ihfinsn
in high dimensions

if G Nco.nl then
G UR where U G 11G11 R

11GH.saisfesUUn.fm is U and Rane
indpendae.Ym4.7hifomspheniculditnibu.ir

on 3

subgaussian.xnu.fiin s 1
sanfesunp.nl

un ilkX u

1l4zECNanelyprojecting X using any unit vector gies
a subgaussian rand variable uich a bounded norm

4 Random Projection
A luge collection high dm points Q xi is NcRd

Goal Dimensionality Reduction
































































































Thn5 Yohnson 7indenstranslemmaleeqc.co

Yue exrseeCsos.to Iee k CtgNils be an

integer Then⽇ f IiRd.IR k s.ru

1 sillx ylisnfn f.gl11 E 1 E 11x y11

fall x y E Q
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Ieetve 16 hlerns of Random Matrices

1 linen Algehn Rep

77ef.IE net let 1个 d be a metric spare
then consider a subset k CT and some E 0

then a subsea NEK is called a s nee of k

if ⻜ x E k 匀NotNS.t.dcxo x c E

Ref Conning Number the number of points in the
smallest E.net of K denoted by Nik d s

Top 1
Consider unit hall B xER 111xn.Ʃ1 c R

⽚ E NiBi du E Ʃ 1⼠⽓

lemual.VE E 0.1 N B an E.net of s then

⿏ 11Ax112 E11Allop三六⿏ 11A

xlhzfnadditientleesas.netM of smt then

xog.ms tx y s11AllopsiisxnPy.niltx y

pf ⻜ xos Not NS.ellx
xollcE.Ieexbectletopeigenieetrof ATA then
11Ax Ax.tl E 11All11x_x11 E E11All
































































































11Ax.tl 11Axll 11Ax Axoll 11All

E11A1l11A11SitHAxoll7hk11Aili3
cppoxinetelytlesaeonadriaeviizedspc.ee

2 Operator Norm f subgaussian Random Matrix
个hm1 lee AtRm here
independeesubganuimentieslltrjjornelyindpt.sn

bgaurwanuith.IEAj 0

Tun 11All E CK In 1万 t with

probuhrlityaelusel
zeitfcertincorstaneC.andk.mg.x11Aijll4

lemna2 lu X Xn be independent subgaussian
random variables with Exi o then点xi 13

also subgaussian with

11点xilpy.ECillXilln
7不k 11A1113 roughly oforder In
Tnuithhighprobahlity.Aunen.mso EAi

11AllF 等Aij 书 nmo

Srue 11Alli 宖 ioj A 7 uehie 六点oàiA P no

个 leaneraged singular value 3 oforder no
with high prob so does the lugese singular value
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CevurianeTnseimeionGuppesexn

Xuc.IR iidrandomveetasuithIEX.io

and Call 乞 exits 7g ILN 六点xixi
个书 E

Tm2 Ame XoERP 3 a subgaussian
random

rector upsn.lkxo.us114 Ek.I Suppose X Xu

ce iid copies of Xo X ix xuic.IR P

Tm f every to with pub at lure 1 2etkt

11⽚XTX E11 E max IS 8 111乞11 where S Ck原 告

Tum2
CouaianensernaionlHDPI.la
X.cIRPsubgaussicnlllcx.xzllnt.sk11 X x 11if sone

K I any noRP Then

Ei11⽅xīx⼀⽓117E Ck 原 吾川⽣11

Example Subgaussian Random unions

X NCO.in

Xnuwf 1

X unifiingnt
































































































Zectre 17 High dim Statistical Phenomena

1.7不neipleCanpe.ee Analysis

Suppose x xnnid Xo 7Eix7 0 E
Coucx.leerses.leepn.i.upbeortlouomaleigurecitu.fiwith

eigenvalues i in Ap 2 0

Then consider the empirical covariance管 六点
xixiuithorthonormaleigenveat.siup and

eigenvalues Ii in ⼊p20

1.1不xed Dimension

Than I Consistency ofPcb in fxed dimension
Suppose dish Then as n

so.uehenenyliuiul POnniiilsui uil.to
Rnk Ii in ensues ⼊ has multiplicity of 1

pfiyuwuehenei 书乞
7g weyes inequality

mnylin iulsni

Ellopsinelliilop 70 nnplin.nu1 0
































































































Thm2 Danis Kahan Sin Theorem
Simplrfdlleeunuibetlefrrenormaliiedeigeneut.rs

of
2positire dfnitematiicesE.EERP
Assume

lisih.ctlenninnsui
u.nl.s 1点 gngnp

F Suppose I ⼀ in 211Ī E11 then rehire
IHS 之112u.lk E E F

2惊⼀⼆ RHS

if i 11ns211合⼀⽓Hop

Pick so 1 ifcin.us so soi lifcn.u.sc
oniiiilsuiuiiliillsoui u.lk lTuiu

sEIF.unlu.F.EE
li csui u.si

E11 ㄑㄒ

Sime Un Up 13anorthonouulbusrscui.in
it ⿊ cunūn 1

Teufutoshwiunu.is4点器
Lue Eū ncun.us

Cui Euk Nk Luk UT

hun E E u 不_Ne cun in
































































































不 ik 下 ⼀ ⼊2 2 1 112 11E Ellop 占111⼀⼊

where l 1122211⽓ Eilop Thus we hare

点cun unis 点
三公

s 411点器T NKR

Ʃ 411⽓⼀⽓1lip
Ii⼀⼊2

Danis.Kohn Theorem HDP Ie S and个 be gmmetric
matrices with the Same

dimenions.Assnenjiill.lis Njis1 1 820

Yun ele angle sin vins viii 7s
⼯等

whezillgiustlei thluge.se eigenvector

1.2 Gowing Dimension

pn.in dpendonn.Xo Nio.int

Spiked model En ii 112 u u it in

eigenvalues cell and iz nith multiplicity p 1

Note there专smiiillsin u.lt l kui

u.zlnconeBtenyofPiAin high dimensions i

Assume 11会llopECandi.cn AiEn k 0

hoidsf certain constare C and k
































































































Suppose吾 rc.io x

if 7 0 then thee
eantsaconstanecozosrehtheen.plsui ui1hPOasn

zo.zfrsounder spicked model
cesumpeionuehanekui.u.nl书 7r where nrel
Moreover ⽇⼦中 if 7 r kui u 1 O

Rnk.population and sample principle directon

cnealm.se orthogonal in high dms

2liver Regressions in High 72ns

Consider lxi yr xic.IR andi l z

n.yixi3eqi i 1n

n.Xix x iTGR P y icy yu
个
eR

E E ⼀ EnTE R IETEi7 0 Nuri Er 02

2诈 管 XTX Xy 7在drtron fix x管

under Parameterized Regime
FpositionI.Suppose Xo x xniid No Yp
Anne pipn 晋 oclsc.sn so ue hee
































































































Ei 管⼀1311'1 7 11 0 11

Eilx管 ⼀ xip 1X7 11 0ps1177 as n

x7hk.tkms台 increases approximately linear in pn

Overparameterized Egrme
Minimum Norm Interpolactor

ni 阴
sibjeee.to y Xβ unbiased

hssinerunkiX n The solution 3 管⼆XT XXTy
⻜731 st Xp ⼆y ⽇ VENCXI.stpiiu

t

Nocethee.pe C XT and C XT IN X

he here 11134112 117311 11 11 211管112

7不position2Suppose xi xu Nco ip and pip
depends on ncndnlp.io 1 as n so we here

rank X n with probability 1 0 1 and

7E个倌 13111X7 1 Open 个11 卡1111311 噜7
Eicx管 那1 1 7⼆ 1top 个 川器 ⽓煎me

Smaller whenpn n
































































































3 Community Detection 7 G红1 unknown

mankushrpSochasurBolockmodel.lu AER he ele

adjacency matrix Pilij 1 P if Z Ej
q if Zi中Ej

zithpsq.Aijjointlyindpth.me
each community has equal size I个z 0

Spectal Method

ngan Stnete of A
A EiAT 竺 22

个 7等 InIn

ii hes only 2 partie eigenvalues

di pin and ii P 9in
uiehcnespendigeigenreccto.suInlTncndui Znl1n

Spectral Clustering

i Culunluectle second eigenvector u un ofA
Ifp q are known use A 7型 InIǔ

2 Tune Zi 1 if u 0 Zi it if u co
3.1 Yuoreticul guarantee of spectral method
个m5 nanys.no ue hue

Pinin卡11sE Z 1k E 0 1
































































































Rnk7eseystlemrsmetchrutro 3cuhiua.ly
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Iutue 18 Stein's phenomenon and shrinkage

esiimaion.liMotivation

High D Perspective
theef ding

lee X jut Z Z Npco.ipz.PLkp Z 1 e 之

zeopl 1箭
When p 3 large ifnplliOcn is cp 77 Op11

11X112 11julpt11711 2C7u 7

117uiitp.ltX11 117 1 uith high probability

1.2.7不ns.Vaiuectude
ffpenspeutineRiiju

7E11个1X p11 X Niju Yp
Consider Y 1 E X

Enf.pil Enjuii 1 sip
4 24 p G 117unitp

1 24 p 0 4

Goal ǎiinisnjull 1 sip
117u B mkenn he he Can use 11X11

illuiitpwhenp3lagectoescimatellju.lt
































































































2Shrinkage ns.ineitonssignalu
James Stern ns.rmator noise pd

Ed

Yrs⼆ 1 mp X Mis⼗⼆ 1 1mi X

Rnk.Shrinkage to 0.3 not the only direction thee

uerks.nanycc.IR ue can make

不is 1 iPiinllx.ci C

until 1 iiiinltlx
cltCTkaemI.it和 13 anyof the tuo shrinkage estimators
ctlenfrc.co 2 when p 3

Rip Rxnusfrernyuc
RPMoreorer.fi不is ue hare

Rich p czr rycp 2RIEillx c.li

IYmn.Stein'slemer2fgEC'i1RP
iich Ei117gcz117 x

where Z NcoYp then

Ei7g1777 ⼆EiZgE 1
7.7Eiaigcz77 17igcz⾔ e k.dz

integurion的
gaz后 ziē

parts
































































































⼆ fgcz后 Ziē Eik

Ei7g1717

Rmk General cuse g E C RPRP then

7Ei7 glZ17

EiZTgczi7.3
Yueed.ie's 不mula

3.1 Bayesian Perspective

Suppose ju has a prior distribution u

nxljuNipniips.nemangrneldusityofx 3

fxixiifpifx.plxnuidpininhneepl llx
piil21nnunduG.sider 中 RP_RP

ms乍 IE117u 中 X 11 ⼆ IExitEmixinu 中 X 117

IEpixix个11µ⼀中IX 117 Epix x个11M Epixxiu711 I x

we only need to choose 中x EnulX x7

Eijulx x7
1rfxnulxlpnnnuldpffxnulxlplncpidpIEip

xlxixi.fi p x ē X 7 2Tupndju
1 ē X1 Tucpidp
































































































7
slogfix

4n X EijulX7 X 7legf X
Rink.Ynomehs perspective shrinkage is a prior

on the unknown 㓁

3.2 Shrinkage under superharmonic fneeion

77ef.nfc.ciRP denote the Laplace operator

by bfx ⼆点
aifnn.uesayfnapnharmonniffnfixis0

txc.IR

Tm3 IeefociiRB f o Ff 了 superharmonic

nfiEigiiiifixi17co.IE个
117logfxiiilcxuehue7Eillxt7bgfixi.pl1

7 P 47三个个舞7EP

Rnk X i3 a minimax estimator
27 X 7legfix 3 also a minimex estimator
































































































4 Drfusion Model

Twand Process Xe IT Xt.it 0 Zt

Ztiid No I

Sure
fneeronPeipdfofXtcuorefnntron.Eixt
ilxi.xilijlfx.it g器 7bgpelxni

Xe ilXe xt NIjtnxetfilegpelxel.ciI

Rconstmetioni Xey 忐xttf.SLO.xtlt0t7e.sco yes 了 trained to approximate

7legpelxelimonEtunfco.n.x.npo.xe pixtlx.siOt117lgpecXel soixe.tl

F7.77ecull
Admisaihilrty

Tcx Badmisurble if Yue's no Yost
Rio lu E Ricpi f all ju

⼋

Ri 17mCRiipi.fsonepLT.f.in

Mrmrnexity Taxi 3
mininexiffcnyY.cxig
RiipnEgRi.nu
































































































Seung X Nyu ip eseiwatep

is X minimax Yes

The superumumofrnki3contwlederenifctlen.sk

乃 point nine smaller than 个 s estimator

7s X admissible Yes when pil 2
No when p 3

Grander r 1 T any p 3

Riis 7u p p 21 Einx11 了

2Rxijulipnoe.nuune
丽 噩1iwnei.rs

Rinn 0 77 亢

inRiis10 p
Riuist Riis 11p11

不is 13 inadmissible

Menuk.fist is also inadmissible

Empirical Bayes Perspure
rhyperpaaXN.p.ip77u Nco.iipi

Bnyeseseinator.SIX agni EiRinu7 11 六 X
































































































Pix Ii I N O 1 i Yp

Empirical Bayes estimate if data using pix ii

UmvUE of六 me
plug in ⻢ x 1 器 1X fgs
m咋 of It个 乃 管
phg in 写 x 1⼀点2 X fist
































































































late 19 Denoiingzia Shrinkage

1 Sparsity in data Anaysn

1.2Quanofng sparsity

Def.we say xoR 3 s sparse if
11X11 ⼆篇Ilxj 01 ES

we can also relax the dfnieionusingllxilq.qa.co 27

Ruk.ifqcl.lixllq 13 only a quasinorm INot a norm
































































































3 个mesholding
3.1 Gaussian sequence model

Assume our observations fllo.rs Y On to7k Zuid Nco 1

Raw measurements Xo712

Xu fi te town Wu iidNco 1

Apply orthogonal transfm Y wx where w is an

orthogonal matrix 0 w ft Yn NiOn o'n

Sparsity Assumption 11011 管
710jtolssmhicsedesunatoriY.T

sesonater.tl 7不 1Y

Ǒj3.2Thesholding friars
ii yi

Hu dinesholding ig 1总集 品
Ǒj

Sof Thusholding T.eu signluiclul.it i yi

Determining i 11711 7

loguemay
choose Tilgn

筘tler.by Gaussian Gnentratien inequality max7i 13
close to IETmay7i7 and

flg l lgzst.IEm.azis lgrī

































































































So choosing i c1 00171Frgs is guaranteed to

remove all noise with highprobability

4
Deneisingtheayioruele

aidedidealrrsk.Rio.co ⼆点minioi.co

790 3 S spuse Rio 02 502

Yml Suppose Yn N1010公 7 nofe th.esholding
estimator on Tin Y uithtlelenelin

lgn.EiniinO.li7 S 2legn 1 Yo R10# 0

Rnk We don't know the indies of ele luge
signals.he
wski3inueesedbyalogfucerGnpneduouleidulrr.sk

4.2 Oracle inequities和 S sparse Signals






inal 3 poblensuiehsubpoblem
16subpoblesinttalm.se.No

more than 3 lines of proof



Iutue 20 Basis pursuit compressed sensing

1 Basis Pursuit idenerfable

End sparse so luton_to Y Xo XoR
ncpnoini.tl0111ffnelrnewabspu.ee

subject to y Xo oc.otkerlxln
1 li Restricted null spare property
Consider the level see Sr 0 11011 r

ge Rnk High dime balhae sharp
公 RP vile probability of failing to

luel see eliminate some parameters 131去

R
ns.fnaliinggeometnrintuiions.lee
S jcp Oj中0

CLS DGIRP 11Δsell 11Dsll

where Δs 1 DjIcj ES jsp
We say Xsainfres restricted null spare RNS

if Ker x n Ccs o

72position I.X suisfes R ns.tlenireou_sot r



1.2Parzose incoherence

729Parurse incoherence Zee X x xp EIR

Yu.peruse incoherence B

SpwlX 11六 ix ipllmcximn.gl卡 Xu Xj I k j 1

Proposition Suppose X Xujlksn.jop where

XkjiidNco 1 Then f cny Selo 1 with

probability at lease 1 8

Spw X E

cnj_Rnk.Ginenexponanialymanyrand.am
normal

nut tore all pars of
neutonscrenenlyorthogoulTml.ifxhasparr.u.ie

incoherence Spwlxict
and 151sk elen X safes Rws property
Gr Asme XnjidNco i and 04# 3 k_sparse Then

BP re cans euith high probability if
n Ck'legp

whe C 了 an absolute constant


